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Recovery times of riparian vegetation
R. Vesipa1, C. Camporeale1, and L. Ridolfi1
1Department of Environment, Land and Infrastructure Engineering, Politecnico di Torino, Torino, Italy
Abstract Riparian vegetation is a key element in a number of processes that determine the ecogeomor-
phological features of the river landscape. Depending on the river water stage ﬂuctuations, vegetation bio-
mass randomly switches between growth and degradation phases and exhibits relevant temporal
variations. A full understanding of vegetation dynamics is therefore only possible if the hydrological sto-
chastic forcing is considered. In this vein, we focus on the recovery time of vegetation, namely the typical
time taken by vegetation to recover a well-developed state starting from a low biomass value (induced, for
instance, by an intense ﬂood). The analytical expression of the plot-dependent recovery time is given, the
role of hydrological and biological parameters is discussed, and the impact of river-induced randomness is
highlighted. Finally, the effect of man-induced hydrological changes (e.g., river damming or climate
changes) is explored.
1. Introduction
The riparian zone is an extremely biodiverse transitional environment, that separates freshwater bodies
from the upland communities. It is a fragile ecotone that behaves as a critical zone [in the sense of Gurnell
et al., 2015], and it is highly affected by the ﬂuctuations of the river stage [Naiman et al., 2005]. The riparian
zone has an important environmental and ecological signiﬁcance. It catalyzes key ecomorphological proc-
esses and is the habitat of a great variety of fauna and ﬂora [Malanson, 1993]. Riparian wetlands also protect
the bankline from erosion and collapse [Docker and Hubble, 2008]. Furthermore, the alternation between
wet and dry conditions is essential for a number of biochemical reactions that decrease the availability of
nutrients and the toxicity of contaminants, providing rivers the capability of nitrogen removal [Craig et al.,
2008].
The riparian vegetation is the plant community that develops near rivers and is a key component of the
riparian ecotone. It is highly inﬂuenced by variations of the groundwater table and by the occurrence of
ﬂoodings [Tockner et al., 2000]. Over the last decade, a fruitful research activity has shown that riparian veg-
etation plays a fundamental biogeomorphological role in setting the geomorphic units of the river morphol-
ogy [Camporeale et al., 2013]. It can actively modify the river landscape, by interacting with sediment
transport. In past geological eras, riparian vegetation induced morphological upheavals at the planetary
scale [Gibling and Davies, 2012]. During the Paleozoic, riparian plants colonized the banks of ancient rivers
for the ﬁrst time. This caused a widespread braiding-meandering transition, that, in turn, allowed the devel-
opment of a great number of novel animal and vegetal species [Gibling and Davies, 2012].
A feature of riparian vegetation dynamics is that the plant biomass ﬂuctuates both in time and space, as a
result of river stage oscillations. A largely investigated example is given by the riparian vegetation of Taglia-
mento River. It ﬂows in the north-east Italy and is still in almost pristine conditions [Ward et al., 1999]. The
vegetation cover undergoes very fast dynamics, where phases of strong degradation are followed by phases
of recover. Vegetation biomass can be signiﬁcantly reduced by ﬂoods with recurrence interval as small as 2
years [Surian et al., 2015]. As a result, the age composition of the population is low: 50% (90%) of plants are
younger than 10 (23) years.
In this context of high biomass reshaping, the vegetation recovery time is an important element for main-
taining a well vegetated river. It is the time that vegetation spends to recover from a low value of biomass
to a higher value. Several ﬁeld studies [Beschta and Ripple, 2006; Marshall et al., 2013] have shown that
understanding how the recovery of biomass is related to the hydrological and biological characteristics is a
key point.
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In this framework, the case of vegetation dynamics occurring in the Yellowstone Park is emblematic. As a
result of wolves suppression in 1920, elk population overgrew. Excessive browsing by elks on shrubs caused
the decline of the population of willow. As willows are an essential food and dam building materials for bea-
vers, the decline of the whole beaver population followed soon after [Singer et al., 1994]. Reintroduction of
wolves in 1995 caused the elk population to fall [Beschta and Ripple, 2006], but with little effect in recover-
ing the former riparian asset [Marshall et al., 2013]. In fact, without the ponds induced by beaver dams, the
hydrological condition (position of the phreatic surface) do not allow for the recovery of the willow com-
munities, and, in turn, for the beavers restocking. Other cases concern the recovery of riparian vegetation
after wildﬁres [Smith et al., 2009] or clear cutting [Blanchard and Holmes, 2008; Kurokochi et al., 2010]. The
slow recovery of vegetation after a strong destruction can open the way to transitions from indigenous veg-
etation to exotic species [Smith et al., 2009; Kurokochi et al., 2010]. Finally, from a more theoretical stand-
point, the assessment of the recovery dynamics is fundamental for understanding the resilience of
ecological systems forced by stochastic components [Srinivasan and Kumar, 2015].
Over the last years, several theoretical and experimental studies have considered riparian vegetation
dynamics. It was demonstrated that changes in the probabilistic structure of river water stages (by dam reg-
ulations or climate changes) may induce catastrophic damage on the vegetation. Examples are the reduc-
tion of biomass and the switching of the dominant species [Shafroth et al., 2002; Tealdi et al., 2011;
Doulatyari et al., 2014]. Other works [Camporeale and Ridolﬁ, 2006; Muneepeerakul et al., 2007] modeled the
key role of stochasticity in generating complex behaviors in the spatiotemporal dynamics of vegetation on
nonevolving topography, such as noise-induced stability and bimodality [Camporeale and Ridolﬁ, 2007]. The
geomorphological changes induced by vegetation have also attracted a great deal of interest [Wu et al.,
2005; Crosato and Saleh, 2011; Nicholas et al., 2013; Bertoldi et al., 2014; Crouzy et al., 2015]. Very recently,
the interactions between vegetation and topography have also been explored [Vesipa et al., 2015]. Never-
theless, the recovery dynamics of riparian vegetation have never been modeled. The aim of this paper is to
ﬁll this gap.
We will adopt the minimalistic approach that has been successfully used over the last years to understand a
number of ecomorphological processes [Camporeale et al., 2013]. The purpose of this approach is to obtain
realistic and, at the same time, simple stochastic models that can describe the essential physical and the
biological processes, while preserving the analytical solvability [Camporeale et al., 2013]. In this way, compu-
tationally demanding numerical simulations can be avoided. Moreover, the key role of noise is explicitly
embedded in the mathematical framework. Therefore, this approach is particularly suitable for the compre-
hension of the role of ﬂow randomness in riparian ecomorphodynamics.
2. Theoretical Framework
2.1. Key Features
A typical riparian transect is sketched in Figure 1a. Riparian vegetation lives on the bank and its evolution
depends on the river stage, h*, and on the depth of the phreatic surface, d* (the star denotes a dimensional
quantity). As riparian soil permeability is usually high, the groundwater table position can be assumed equal
to the stream stage.
For any stage h*, both inundated and exposed zones occur in the transect. In the submerged zone (zone I
in Figure 1a), vegetation suffers from ﬂow-induced physical damage [Yanosky, 1980], anoxia [Kozlowski,
1984], burial [Hupp, 1988], uprooting and sediment removal [Osterkamp and Costa, 1987]. As a result, the
plot biomass reduces with a degradation rate dependent on the local water depth. In fact, several mecha-
nisms responsible of biomass degradation (e.g., physical damage and uprooting) are controlled by the
stream-induced shear stresses, which are proportional to the water depth.
When the plot is exposed (zones II–IV in Figure 1a), the (phreatophyte) vegetation biomass dynamics
depend on the depth of the groundwater table, d* [Camporeale and Ridolﬁ, 2006; Tron et al., 2015]. If d* falls
in the species-speciﬁc range ½d1; d2 plants can uptake water and grow (zone III). When d < d1 (or d > d2Þ
the root anoxia (or the weak capillary fringe) makes the water uptake difﬁcult (zones II and IV). The bounda-
ries of this range read d1;25d

opt7
ﬃﬃﬃﬃﬃﬃﬃ
1=a
p
, where dopt is the phreatic surface depth that allows the optimal
plant growth [Kozlowski, 1984; Naumburg et al., 2005], and a is a parameter describing the sensitivity of the
vegetation to the departure of the groundwater table depth from dopt .
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Rivers exhibit random ﬂuctuations of the water level (see Figure 1b). It follows that any plot experiences
ﬂooding and exposure periods of random duration and intensity. Therefore, both the water depth (during
inundations) and the phreatic surface depth (during exposure phases) are random variables. They depend
(i) on the probabilistic structure of the river water stage—which is described by the correlation time, s*, and
by the probability density function (pdf), p(h*) (see Figure 1c)—and (ii) on the topographic elevation of the
plot, g*. For instance, in Figure 1b, we highlight the different number and the different magnitude of the
ﬂooding events experienced by plots A and B, where gðAÞ < gðBÞ. This plot-dependent random sequence
of inundation/exposure periods impacts strongly vegetation dynamics. In fact, it gives rise to plot-speciﬁc
biomass time series, where growth and degradation phases randomly alternate (see Figures 1d and 1f). As a
result, the vegetation biomass, v*, exhibits a stochastic dynamics which can be conveniently described by
plot-speciﬁc pdfs (Figures 1e and 1g) [Camporeale and Ridolﬁ, 2006].
Figure 1. (a) Sketch of a riparian plot. The blue thick line marks the position of the water stage and phreatic surface. The gray areas indi-
cate the soil regions where the phreatic surface is unsuitable for the vegetation growth in the corresponding surface plots. The white layer
between gray regions marks the soil region appropriate for vegetation growth. The green dashed line gives the spatial distribution of the
local mean carrying capacity, b*, while the green continuous line gives the biomass, v*(t), at generic time t. (b, c) The (qualitative) time
series and pdf of the water stage. The corresponding time series and pdf of the vegetation biomass at plot (d, e) A and (f, g) B, respectively.
For sake of simplicity, (d, f) in the biomass time series, the effect of the position of the groundwater table on the vegetation growth is not
reported.
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Randomness is therefore a crucial component of the riparian environment, as river ﬂow ﬂuctuations can
induce relevant biomass variations, depending on the intensity and persistence of the hydrological forcing.
In this framework, a key issue concerns the time, T*, required to vegetation to recover from low biomass val-
ues (typically induced by severe ﬂoods). The recovery time is the result of a complex interplay between bio-
mass growth/degradation phases induced by river ﬂow dynamics. It follows that biological, hydrological,
and morphological components contribute to determine T*.
In order to clarify this aspect, let us consider the example shown in Figure 1. Three strong ﬂooding events,
F1, F2, and F3 are highlighted in Figure 1b. In plots A and B, they cause a reduction of the biomass below the
value v0 (see Figures 1d and 1f), that is assumed as a low biomass threshold. Consider now the recovery
dynamics of vegetation after these ﬂood events. A threshold v1 is chosen to identify well-developed vegeta-
tion. Note that the thresholds v0 and v

1 are plot dependent, in order to mirror the differences between the
biomass pdfs typical of each plot. After F1, several ﬂoods hamper v* to reach v1 in short time and the recov-
ery times TA;1 and T

B;1 are long. After F2, no ﬂood halts the growth of v* and v

1 is reached very quickly (i.e.,
TA;2 and T

B;2 are short). In the case of ﬂood F3, an intermediate behavior is observed.
These examples show that the recovery time of vegetation from two ﬁxed biomass values strongly depends
on the durations of ﬂooding and exposure periods, and on the frequency and magnitude of the inunda-
tions. Hence, the quantity T* is a stochastic variable as well, and it is plot speciﬁc. In the following, the
theory of mean ﬁrst passage times of noise-driven phenomena will be used to evaluate the local mean
value, T  , of the recovery times.
2.2. Stochastic Modeling
In this section, the main points of the stochastic model by Camporeale and Ridolﬁ [2006] are recalled. They
provide a starting point for the recovery time evaluation and readers can refer to the original work for fur-
ther details. The vegetation stochastic dynamics at a generic plot of coordinate x* (see Figure 1a) are mod-
eled as
dv
dt
5
2Kðh2gÞvn h  g ðaÞ
a2vmðVcc2vÞp h < g ðbÞ
:
8><
>:
(1)
Equation (1a) models the degradation of vegetation biomass due to uprooting, anoxia, and burial occurring
when the plot is ﬂooded (i.e., h  g). The parameter K is a species-speciﬁc coefﬁcient that quantiﬁes the
vegetation tolerance to ﬂoods, and the higher the term ðh2gÞ the higher the vegetation degradation. On
the other hand, equation (1b) describes the vegetation growth when the plot is exposed (i.e., h < g). The
term a2 is the species-speciﬁc growth rate, while Vcc is the plot-speciﬁc carrying capacity. Model (1) is sto-
chastic, as the degradation rate, the carrying capacity, and the switching between equations are forced by
the random variable, h*. In the following, we will set m5 n5 p5 1.
Dimensionless variables are introduced. The plot elevation, g*, is made dimensionless as g5ðg2hÞ=h,
where h

is the river mean water depth. This scaling is adopted for all the vertical lengths, so that the river
free surface position, h, has null average value and min ½h521. The biomass is normalized by the maxi-
mum carrying capacity, vmax . It is the species-speciﬁc biomass that a riparian plot can sustain when the
phreatic surface remains constant at the depth dopt . It follows that v5½0; 1. With this scale, it is easy to
deﬁne the dimensionless carrying capacity, namely, Vcc512aðd2doptÞ2 if d1  d  d2 and zero otherwise,
where the depth of the phreatic surface reads d5g2 h. We ﬁnally introduce the dimensionless time t5t  a2
so that (1) becomes
dv
dt
5
2a1vn h  g ðaÞ
vmðVcc2vÞp h < g; ðbÞ
8><
>:
(2)
where a15kðh2gÞ and k5 K=a2.
In order to solve the stochastic model (2), the average rate of vegetation degradation, a, and the mean car-
rying capacity, b, are introduced [Camporeale and Ridolﬁ, 2006, 2007]. They read
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a5
1
PI
ð1
g
a1pðhÞdh5 1PI
ð1
g
kðh2gÞpðhÞdh; (3)
b5
1
PE
ðg
21
VccpðhÞdh5 1PE
ðg
21
12aðg2h2doptÞ2pðhÞdh; (4)
where PI5
Ð1
g pðhÞdh and PE5
Ð g
21 pðhÞdh are the probability of being in inundated or exposure conditions,
respectively.
The average values, a and b, replace the functions a1 and Vcc in the model (2) so that two new functions,
fIðvÞ52av and fEðvÞ5vðb2vÞ, are obtained. They describe the vegetation dynamics in inundated and
exposed conditions, respectively, and (2) can be expressed by the single stochastic differential equation
dv
dt
5f ðvÞ1nðtÞ  gðvÞ; (5)
where n(t) is a dichotomous Markov process that switches between the values DI and DE, while functions
f(v) and g(v) read
f ðvÞ5DI fE2DEfI
DI2DE
; gðvÞ5 fE2fI
DE2DI
: (6)
The solution of (5) is the plot-speciﬁc probability density function of the vegetation biomass. It reads [Ridolﬁ
et al., 2011]
pðvÞ5N gðvÞ
UðvÞ exp 2ðkE1kIÞ
ð
f ðv0Þ
Uðv0Þ dv
0
 
; (7)
where kE and kI are the average switching rates of the ﬂooded and exposure conditions at the plot, respec-
tively, and
UðvÞ5 f ðvÞ1DIgðvÞ½   f ðvÞ1DEgðvÞ½ 5avðb2vÞ: (8)
Equations (2)–(8) are valid for any pdf of the water stage, p(h). A common choice [Doulatyari et al., 2014;
Tron et al., 2015] is to model water stage time series as a random sequence of exponentially distributed
jumps (i.e., a white shot noise), and exponential decays. In this case, p(h) is the Gamma distribution
pðhÞ5 k
ke2ðh11Þkðh11Þk21
C½k ; (9)
where k51=C2h (Ch is the coefﬁcient of variation of the water level) and C½ is the Gamma function [Abramo-
witz and Stegun, 1964]. In this case, kE can be analytically evaluated as the inverse of the mean ﬁrst passage
time between two ﬂooding events [Laio et al., 2001], while it can be demonstrated that kI5kEPE=PI . More-
over, without any loss of generality [Kitahara et al., 1980; Vandenbroeck, 1983; Camporeale and Ridolﬁ, 2006],
it can be assumed that DE5 1 and that n(t) has a vanishing average value, namely DIkE1DEkI50. The calcu-
lation of a, b, kE, and kI is straightforward for a Gamma-distributed water stage, and the analytical expres-
sions are given in Appendix A.
2.3. Mean Recovery Times
The mean recovery time of vegetation biomass, T , is obtained by the mathematical approach developed by
Sancho [1985] regarding the mean ﬁrst passage time in dynamical systems driven by dichotomous noise
(DSDN). These systems are characterized by two different deterministic dynamics that alternate (e.g., growth
and decay). The switching between these dynamics is given by an external two-state random forcing (see
the example shown in Figure 2). A generic DSDN is described by the single stochastic equation
dy=dt5f ðyÞ1nðtÞgðyÞ, where y is the system variable and n(t) is the dichotomous process. This latter
assumes values D1> 0 or D2< 0 with switching rates k1 and k2 (see Figure 2b), and it has null average, i.e.,
D1k21D2k150. Finally, functions f(y) and g(y) are such that f ðyÞ1nðtÞgðyÞ reduces to one of the two deter-
ministic dynamics of the DSDN, depending on the value of n(t) [Ridolﬁ et al., 2011].
According to Sancho [1985], the average time T ðy0; y1Þ required to the systems to evolve from an initial
state y0 to a ﬁnal threshold y1 can be evaluated as
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T ðy0; y1Þ5ðk11k2Þ
ðy1
y0
HðyÞ
WðyÞUðyÞdy; (10)
where
WðyÞ5 f ðybÞ1D1gðybÞ½ 21exp
ðy ðk11k2Þf ðy0Þ
Uðy0Þ dy
0
 
; (11)
UðyÞ5 f ðy0Þ1D1gðy0Þ½  f ðy0Þ1D2gðy0Þ½ ; (12)
and
HðyÞ5
ðy
ya
WðuÞdu: (13)
In the former equations, ya and yb are the natural boundaries of the system (see Figure 2a), namely f ðyaÞ1
D1gðyaÞ50 and f ðybÞ1D2gðybÞ50.
Three additional conditions must be satisﬁed. First, ya  y0  y1. Second, ya is a reﬂecting boundary; i.e., y
cannot reduce below ya (see Figure 2a, arrow on the bottom). Finally, y1 is an adsorbing boundary; i.e., y can
be larger than y1 (see Figure 2a, arrow on the top). From a mathematical point of view, these conditions
read
@T ðy0; y1Þ
@y0

ya
50; T ðy0; y1Þ50: (14)
The solution by Sancho [1985] is here used to evaluate the mean recovery times of riparian vegetation bio-
mass, T ðv0; v1Þ. To this aim, the stochastic equation (5) is used for describing the system evolution. In this
case, the natural boundaries of the system are given by
f ðvaÞ1DIgðvaÞ50; f ðvbÞ1DEgðvbÞ50; (15)
Figure 2. (a) Example of stochastic dynamics driven by dichotomous noise. y is the system variable and ya and yb are the natural bounda-
ries (i.e., the system evolves in the white region). y0 and y1 are the starting and ﬁnal states chosen to evaluate the mean passage time,
T ðy0; y1Þ. (b) Corresponding realization of the dichotomous process n(t).
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namely va5 0 and vb5b. It can be observed that (i) v cannot go below va5 0 and then va is a reﬂecting
boundary and (ii) if v1< b, the upper threshold v1 can be exceeded, and v1 is an adsorbing boundary. All
these properties are in the agreement with the hypotheses necessary to obtain relation (10).
It is therefore possible to use relation (10) for our problem (5), so that the recovery time of vegetation reads
T ðv0; v1Þ5ðkI1kEÞ
ðv1
v0
HðvÞ
WðvÞUðvÞ dv; (16)
where considering (11) and (12),
WðvÞ5ðb2vÞkE=b21 vkI=a2ðb1kE Þ=b ; (17)
and
HðvÞ5 a
akE2bkI


ðb2vÞkE=bvkI=a2kE=b 2F1 1; kIa ;2
kE
b
1
kI
a
11;
v
b
 
2ðb2vcÞkE=bvkI=a2kE=bc 2F1 1; kIa ;2
kE
b
1
kI
a
11;
vc
b
 	
:
(18)
In the former equations, 2F1½; ; ;  is the hypergeometric function [Abramowitz and Stegun, 1964], while
the integral in (16) can be easily evaluated numerically.
The previous relations can be used for any set of threshold values (v0, v1). In order to investigate typical
behaviors, we set the initial value, v0, as the ﬁfth percentile of the biomass pdf. This value is characteristic of
a ﬂood-damaged vegetation and is relatively rare for the plot. It occurs as a result of unfavorable hydrologi-
cal events that are detrimental for vegetation. Examples are (i) a single extreme ﬂood (high water submer-
sion) that destroys at once most of biomass or (ii) a number of weak (low water submersion) but frequent
inundations that reduce biomass during many events. Moreover, we set v15 l, i.e., we consider the mean
value of p(v) as representative of a well-developed vegetation (for the speciﬁc site). As these thresholds
depend on the vegetation pdf, they are plot speciﬁc.
In order to highlight the key role played by random disturbances induced by river stage ﬂuctuations, we
consider also the hypothetical situation in which no ﬂooding periods occur in the plot (i.e., vegetation bio-
mass never reduces). In this case, the time required to vegetation for recovering from v0 to v1 can be simply
evaluated by the deterministic equation (2b). This recovery time in undisturbed conditions reads
T^ ðv0; v1Þ5
ðv1
v0
dv
vð12bÞ: (19)
The metric
rðv0; v1Þ5
T ðv0; v1Þ
T^ ðv0; v1Þ
21 (20)
quantiﬁes the delay caused by degradation periods in recovering the biomass from v0 to v1, with respect to
the case when no disturbances occur. r is equal to zero when T ðv0; v1Þ5T^ ðv0; v1Þ and becomes progres-
sively larger if the difference between T ðv0; v1Þ and T^ ðv0; v1Þ increases.
3. Results
3.1. Preliminary Aspects
Typical hydrological and biomorphological characteristics were considered to explore the recovery dynam-
ics of vegetation. To this aim, the benchmark set of parameters fCh; s; k; a; doptgB5f0:5; 0:01; 5; 0:5; 0:5g
was adopted. Figure 3a reports the trends of v0 (the ﬁfth percentile of biomass) and v1 (the mean value)
along the river transect. The transverse coordinate was made dimensionless so that x5 g. Figures 3b–3d
show the corresponding pdfs of vegetation biomass at three different locations along the transect, while
Figures 3e–3g report the related enlarged views. We evaluated the difference (v12v0) as a useful metric of
the ﬂood-induced variability of biomass.
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At a location relatively close to the river (x5 0.2), banks are almost bare (v0  0), after hydrological events
unfavorable to vegetation. Banks are weakly vegetated, on average (v1  0.15). In plots with higher eleva-
tion (x5 0.4), v0 and v1 increase. As ﬂooding conditions are not particularly severe, the banks are well vege-
tated on average, and also after unfavorable hydrological events.
At high elevation (x5 0.8) inundations are rare and weak. The plot is always well vegetated, and p(v) is
markedly peaked around its mean value v1. Finally, far from the river (x> 1), the plot elevation becomes a
limiting factor for tapping the phreatic surface. The vegetation suffers and its biomass decreases. By con-
trast, the effect of inundations is marginal and (v12v0) tends to zero when x 	 1.
3.2. Behavior of the Recovery Time
Let us ﬁrst consider the recovery time in undisturbed conditions, T^ , reported in Figure 4a. It spans a narrow
range of values (0:2 < T^ < 0:5), it is a nonlinear function of x and has a minimum at xmin 5 0.5. According
to equation (19), T^ ðxÞ is a decreasing function of the mean carrying capacity, b, which in turns depends on
Figure 3. (a) Plot-speciﬁc mean value of biomass (v1, continuous line) and ﬁfth percentile of biomass (v0, dashed line). (b–d) Plot-speciﬁc pdfs of biomass. (e–g) Enlarged views of the
pdfs in Figures 3b–3d. Parameters are fCh; s; k; a; doptgB5f0:5; 0:01; 5; 0:5; 0:5g.
Figure 4. (a) Blue line and vertical axis on the left: dimensionless recovery time, T ðv0; v1Þ. Red line and vertical axis on the right: dimension-
less recovery time in undisturbed conditions, T^ ðv0; v1Þ. Red dotted line and vertical axis on the right: probability of being ﬂooded, PI. xmin
is the location in which T^ is minimum. v0 (v1) is the plot-speciﬁc ﬁfth percentile (mean value) of biomass. (b) Dimensional recovery time,
T ðv0; v1Þ, and recovery time in undisturbed conditions, T^ ðv0; v1Þ, for Robinia pseudoacacia (a255831025 day21) and Prunus serotina
(a257:831025 day
21). In both panels, hydrological and biomorphological parameters are fCh; s; k; a; doptgB5f0:5; 0:01; 5; 0:5; 0:5g.
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the depth of the water table, dopt (see equation (4)). The quantity T^ is therefore small as long as d is close to
the optimal depth (here set to 0.5). In the present dimensionless notation, h5 0 corresponds to the mean
water stage, so dðxÞ5 g5 x. It follows that (i) at x< 0.5, d < dopt and root anoxia tends to slow down the
vegetation growth; (ii) at x5 0.5, vegetation grows at optimal conditions, so T^ ðxÞ reaches its minimum; and
(iii) at x> 0.5, the water table is too deep and a weak capillary fringe hampers the optimal vegetation
growth. Accordingly, when the water supply is the only limiting factor, the position x5 xmin provides the
optimal condition for growth. However, two other mechanisms also affect the behavior of T^ ðxÞ. The ﬁrst
mechanism is the dependency of the vegetation growth rate on the current biomass through equation
(2b): the growth rate is small when v is close to zero or when it approaches the local carrying capacity, while
it is maximum at intermediate values. In this last case, T^ ðxÞ is minimum. The plot dependency of the
difference between the ﬁfth percentile of biomass and the mean biomass is responsible for the asymmetry
of T^ ðxÞ with respect to xmin (v12 v0, in fact, varies from plot to plot). It follows that at high x the undisturbed
recovery process is faster than at low x, because the difference between the initial v0 and ﬁnal v1 biomass is
lower.
Consider now the recovery time in stochastically disturbed conditions. Differently from T^ ðxÞ; T ðxÞ exhibits
high spatial gradients, variations of more than 1 order of magnitude, and a monotonic behavior. It is high
close to the river but it decreases sharply moving away from the watercourse. All the processes that inﬂu-
ence T^ affect T in a similar way. However, when stochasticity is considered, the plot-speciﬁc probability of
being ﬂooded, PI, is the key factor in setting the value of T ðxÞ. It reads PI512fC½k2C½k; ð11xÞkgC½k and
spans a wide range of values (Figure 4a, dotted curve). Close to the river, the probability of being ﬂooded is
high (PI5 0.3). As the plot is inundated 30% of the time, ﬂoods damage the vegetation often. For low values
of x, it is therefore very likely that while the biomass is recovering from v0, a new ﬂood may induce new
damage before v2 is reached. As a result, T is high. Far from the river, the probability of biomass to be dam-
aged during the recovery decreases, so T is low. To check the soundness of Sancho’s theory, and the validity
of the assumption introduced (in particular, the use of a and b in place of the functions a1 and Vcc), we have
evaluated the recovery times of vegetation biomass by numerical integration of the complete model (2).
Our results showed that recovery times evaluated by (16) never deviate more that 615% from the numeri-
cally evaluated recovery times.
In order to evaluate the magnitude of recovery times in real cases, two typical riparian species are consid-
ered: Robinia pseudoacacia and Prunus serotina (Figure 4b). The former species grows fast and reaches the
maximum size in less than 30 years (a255:831024 day
21) [Redei et al., 2014]. In absence of ﬂoods, its recov-
ery time, T^

, is less than 2 years. When stochastic ﬂooding is considered, the recovery time increases signiﬁ-
cantly: at low plots, it is very high (T 570 years at x5 0.2) while at the site of the optimal undisturbed
growth (xmin50:5) it is about 10 years, i.e., 1 order of magnitude larger than the undisturbed recovery time.
Finally, at higher plots, the mean and undisturbed recovery times approach each other.
A similar behavior is observed for P. serotina, a slowly growing species that reaches the maximum biomass
in 200 years in optimal conditions (a257:831025 day
21) [Camporeale and Ridolﬁ, 2006]. In absence of
ﬂoods, it recovers in about 10–20 years, depending on its location along the transect. When ﬂoods are con-
sidered, T  > 200 years at x5 0.2, while it is close to 80 years at xmin50:5. It follows that, near the river, con-
siderable time is necessary before the average biomass, v5 l, is restored.
3.3. Sensitivity Analysis
According to the behavior of the curves T^ ðxÞ and T ðxÞ reported in Figure 4a, the metric r (deﬁned in equa-
tion (20)) is very high at low x and it decreases with the plot elevation. To understand this behavior better,
we performed a sensitivity analysis of r (see Figure 5) on the governing hydrological and biological parame-
ters: the coefﬁcient of variation, Ch; the vegetation sensitivity to ﬂoods, k; the time of correlation of the river
water stage, s; and the dependence of vegetation to the departure of the phreatic surface from its optimal
position, a. This was done by changing one parameter at time from the benchmark set. When a model
parameter was changed, the thresholds v0 and v1 changed as well. We refer to the panels on the right of
Figure 5 for a qualitative explanation of the mechanisms involved. The upper half of each panel reports the
temporal series of the water depth, h2 g, in a given plot: h2 g> 0 (<0) means inundation (exposure). The
lower half of the panels reports the corresponding qualitative evolution of the biomass from v0 up to the
threshold v1.
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Figure 5. (left) Sensitivity analysis on r of the main modeling parameters. Only one parameter at time is changed with respect to the benchmark set fCh; s; k; a; doptgB5f0:5; 0:01;
5; 0:5; 0:5g. The black thick line reports r evaluated with the benchmark set. (right) Schematic explanation of the mechanisms behind the sensitivity of r on each parameter.
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The coefﬁcient of variation of the water stage affects r to a great extent, throughout the river transect (Fig-
ure 5a). In order to understand the reported behavior, Figure 5b1 shows two qualitative temporal series of
the water stage, with low (dark blue) and high (light blue) values of Ch, respectively. In both series, the same
mean value of h2 g and inundation times are adopted. In the ﬁrst case (low Ch, dark green curve), the bio-
mass grows undisturbed from v0 until the occurrence of the ﬁrst inundation and, since h2 g is small, the
biomass lost is low (see equation (3)). After this loss of biomass, the vegetation starts to grow again and,
after a sequence of a small number of growth and decline phases, the plot-speciﬁc mean biomass,
v5 v15 l, is reached (see Figure 5b2). In the second case (high Ch, light green curve), the biomass lost dur-
ing the ﬁrst inundation phase is high. A large fraction of the recovered biomass is destroyed and a sequence
of many growth/decrease phases is necessary to recover the plot-speciﬁc mean biomass. This behavior
explains why recovery times increase with Ch. Moreover, as the increment of Ch implies an increment of PI
in any plot, this effect holds along the whole transect.
Figure 5c reports the impact of the vegetation sensitivity to ﬂoods, k. It is evident that the signiﬁcant
response is strongly plot dependent, as r spans 2 orders of magnitude along the transect. Figure 5d2 reports
the response of two vegetation types characterized by a low (dark green line) and high (light green line)
value of the parameter k, to the same water stage time series (Figure 5d1). Let us repeat the rationale
applied in the previous paragraph regarding the impact of Ch. When the ﬂood tolerance is high (i.e., low k)
the vegetation that is lost during a ﬂood is small, and the vegetation recovers very quickly. On the contrary,
for high sensitivity to ﬂoods (high k), the recovery time is longer. In fact, a signiﬁcant amount of vegetation
biomass is lost during any ﬂood. Since the inundation probability decreases with the elevation, an incre-
ment of k has a detrimental effect, especially in low plots.
Figure 5e describes the role of the correlation time s. Basically, the curve r(x) moves downward when s
increases and goes to zero at large x (that means T ’ T^ ). Again, two river stage time series have been con-
sidered in Figure 5f1, corresponding to high (case I, light blue) and small (case II, dark blue) correlation
times, respectively. Alterations of the correlation scale, s, mainly affect the water stage decay law [Ridolﬁ
et al., 2011]. We also assume that the two stage series have the same mean value and coefﬁcient of varia-
tion. Finally, we set sII < T^ < sI , with T^5T^ I5T^ II (i.e., in both cases vegetation has the same undisturbed
recovery time). At high correlation times (case I, light green), the biomass grows undisturbed from v0 and
recovers the mean biomass v1 before the occurrence of the ﬁrst inundation. At the same time, the long
duration of the ﬂood induces a signiﬁcant biomass loss. When the time correlation is small (case II, dark
green), short growth periods are frequently followed by quick ﬂoods, before the mean biomass v1 is recov-
ered. This mechanism is effective throughout the transect.
The role of the vegetation efﬁciency in tapping water from the aquifer is reported in Figure 5g. A signiﬁcant
change in r with a for x0:6 is evident. Figure 5h1 shows a hypothetical temporal series of the phreatic sur-
face. Two species are considered. Species I can tap the groundwater in a wide range of depth (low a, light
green zone). Species II taps the groundwater in the narrow range of depth ½d1;II; d2;II (high a, dark green
zone). Consider ﬁrst the biomass evolution of species I (Figure 5h2, dark green curve). The depth of the
phreatic surface always lies within the range that allows growth and v grows undisturbed from v0 to v1. Con-
sider now the biomass evolution of species II (light green curve). While the water level is in the range
½0; d1;II, the phreatic surface is too shallow, and species II does not grow. When h2g 2 ½d1;II; d2;II, the phre-
atic surface is at an appropriate depth, and species II grows. When h2 g is below d2,II the phreatic surface is
too deep, and the biomass growth is halted. As a result of the low water tapping efﬁciency, a low net bio-
mass increment is attained between consecutive ﬂoods, and the biomass recovery is slow.
In Table 1, the sensitivity of r on the model parameter is systematically evaluated in three plots. To this aim,
we ﬁrst evaluate the plot-speciﬁc rB, i.e., r evaluated with benchmark parameters (second line of Table 1).
Then, one parameter at time is changed of 220%, 210%, 110%, and 120% with respect to its benchmark
value, and r is evaluated again. Finally, the ratio r/rB is computed to measure the departure of r from rB. All
the typical behaviors previously described are conﬁrmed, and, in particular: (i) the role of the coefﬁcient of
variation is predominant at any plot, and changes of Ch of 620% can induce variation of r of more than
50%; (ii) the variation of the correlation time affects everywhere r/rB, but alterations of s up to620% change
r no more than 13%; (iii) the vegetation sensitivity to ﬂoods matters (is not signiﬁcant) at low (high) plots,
where variations of r of 10% (1%) are attained by changing k of 620%; (iv) the efﬁciency in tapping
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water is important (plays no role) at high (low) plots, where changes of r up to 10% (less than 1%) are
attained with changes of a of620%.
3.4. Impact of River Flow Alterations
River ﬂow alterations are widespread, have different causes (climate change, hydroplants, river regulations,
irrigation, etc.), and can affect the riparian vegetation in several ways. Typical features are the shifting of the
vegetated front, the widening-narrowing of the river channel, the establishment of vegetation on river
islands, and the proliferation of exotic species to the detriment of the indigenous vegetation [Richardson
et al., 2007; Tealdi et al., 2011; Doulatyari et al., 2014]. In this picture, the previous analytical results allow the
impact of river ﬂow alterations on the vegetation recovery times to be investigated in detail.
The most striking and investigated alteration is a reduction of the mean ﬂow rate. In addition, the change in
the probabilistic structure of the river ﬂow time series (summarized by the coefﬁcient of variation and the
autocorrelation time) can induce detrimental effects on the vegetation dynamics [Shafroth et al., 2002;
Tealdi et al., 2011]. Since the impacts of the latter modiﬁcation are subtle and counter intuitive, we will focus
on the changes of Ch and s, while maintaining the mean ﬂow unaltered.
Figure 6a reports the combined effect of changes of Ch and s on the metric r. It grows when Ch increases
and reduces if s increases. It is worth noticing that, up to Ch ’ 0:6 (in the benchmark case considered), the
increment of r can be balanced by an increment of s. For example, let us consider a river stage regime char-
acterized by fs;Chg5f0:01; 0:4g (point A in Figure 6). If the coefﬁcient of variation of the stage is moved to
Ch5 0.6 (point B), r doubles from 6 to 12. This impact could be balanced by increasing s. In fact, at point C
(fs; Chg5f0:04; 0:6g), the value r5 6 is restored. Differently, if Ch rises to Ch5 0.67 (point D, where r5 18),
no increments of s can reduce r back to 6. It follows that the ﬂow alterations that induce high values of Ch
(>0.6 in this speciﬁc example) make a quick recover impossible and not remediable by changes in s. There-
fore, there is a threshold of Ch beyond which the efﬁciency of an increment of s in reducing r drops. This
threshold depends on the probability of being ﬂooded, PI, and it is therefore plot dependent (see Figure
4a). By increasing (reducing) the plot elevation, this threshold of Ch increases (reduces).
The chart reported in Figure 6a can be adopted for assessing the impact of some typical hydraulic altera-
tions. Consider ﬁrst hydropeaking, i.e., the sudden release of a large ﬂow in the river (typically from a hydro-
electric power station). From a hydrological viewpoint, hydropeaking reduces the correlation time and
increases the coefﬁcient of variation of the stage time series, with respect to natural conditions. For a
regime altered by hydropeaking, the set of parameters fs; Chg lies in the upper left corner of the plot, where
r is high and vegetation recover is very long. Previous studies [Camporeale and Ridolﬁ, 2006] demonstrated
also that the higher Ch, the lower the mean plot biomass. Ch has therefore a twofold detrimental effect. It
follows that very long time is required to grow little biomass in banks of hydropeaking affected rivers. As a
result, we expect that these banks are generally weakly vegetated.
Consider now dams used for the management of ﬂooding and for the ﬂow regulation. During a ﬂood, a
dam retains most of the river ﬂow rate in the reservoir, allowing for a downstream ﬂow rate that is not haz-
ardous for human infrastructures. This smoothing out of ﬂoods by the dam is deﬁned ﬂood lamination.
Notice that the dam can laminate a ﬂood as long as there is space in the reservoir to accommodate the
incoming water, but when the reservoir is full, the whole river ﬂow rate is convected downstream. As a
result of this ﬂow regulation, the set fs; Chg falls in the lower right corner of the plot, where r is very low,
Table 1. Ratio r/rB at Different Plots (Columns) and for Alteration of One Parameter at Time (Rows)
a
x5 0.4 x5 0.8 x5 1.2
(rB5 11.29) (rB5 5.40) (rB5 3.32)
220% 210% 110% 120% 220% 210% 110% 120% 220% 210% 110% 120%
Ch 0.78 0.87 1.18 1.52 0.74 0.87 1.14 1.29 – – 1.20 1.41
s 1.12 1.06 0.95 0.91 1.13 1.06 0.95 0.90 – 1.06 0.94 0.89
K 0.90 0.95 1.06 1.13 0.97 0.99 1.02 1.03 0.99 1.00 1.01 1.02
A 0.99 0.99 1.00 1.01 0.97 0.98 1.02 1.04 0.92 0.96 1.04 1.09
aEach parameter is altered of 220%,210%, 110%, and 120%, with respect to its benchmark value. The benchmark set is
fCh; s; k; a; doptgB5f0:5; 0:01; 5; 0:5; 0:5g. Notice that in some cases (denoted by ‘‘–’’) the parameter set is unsuitable for vegetation
growth, and the recovery time has not been evaluated.
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i.e., the recovery of vegetation is fast. This may be related to some previous theoretical [Camporeale and
Ridolﬁ, 2006; Tealdi et al., 2011] and ﬁeld [Shafroth et al., 2002] studies. In regulated rivers where the detri-
mental effect of ﬂoods is removed, vegetation extends its coverage; increases its biomass; and colonizes
sites very close to the stream. This kind of channel narrowing can be potentially dangerous for the down-
stream infrastructures and human activities. Consider for instance a dam that cannot laminate very intense
or long ﬂoods. If an inundation of this type occurs, vegetation is submerged. As a result, the water stage
grows signiﬁcantly, with respect to the nonvegetated case (in fact, vegetation increases bed roughness),
and can induce the overtopping of banks. Moreover, the vegetal biomass can be eradicated and
Figure 6. (a, b) Behavior of the metric r in the planes fs; Chg and fk; Chg, respectively. The pink region corresponds to conditions unsuit-
able to vegetation growth. Other parameters correspond to the benchmark set fCh; s; k; a; doptgB5f0:5; 0:01; 5; 0:5; 0:5g. (c) Relation
between the threshold biomass v1 and the mean time T required to reach v1 for two values of Ch. The continuous and dotted lines identify
the ﬂood-tolerant and ﬂood-sensitive species, respectively. All panels refer to x5 0.5.
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transported downstream. This large amount of woody debris can be hazardous for the stability of river
infrastructure.
In order to explore the biological implications related to changes of the coefﬁcient of variation of the river
stage, Figure 6b shows the combined effect of Ch and k on r. The key feature is that an increment of Ch indu-
ces a delay of the vegetation recovery. For instance, consider a ﬂood-sensitive species (k5 8) that grows
along a river with Ch5 0.4 (point F). If Ch rises to 0.5, the recovery time grows (i.e., r moves from 6 to >10,
see point G). In this case, a more ﬂood-resistant vegetation (e.g., k5 2, point H) exhibits a fast recovery time
(r  6).
The impact of changes of the river ﬂow probabilistic structure on the competition between different vege-
tation species is a key issue which deserves further attention. To this aim, recall that T ðv0; v1Þ is the mean
time required by biomass to grow from v0 to v1. By evaluating T ðv0; v1Þ for different values of v1, one can
plot a curve in the plane fT ; v1g. This curve provides the biomass v1 typically attained after a time T , starting
from the initial biomass v0. This curve is reported in Figure 6c for four emblematic sets of parameters
fk;Chg, with v05 0.1 and 0.1< v1< 0.2. Two species of plants are considered: a ﬂood-tolerant species I
(kI5 2), and a ﬂood-sensitive species II (kII5 8). In order to focus on the impact of ﬂood-induced disturban-
ces on the species coexistence, any other interspecies competition/cooperation mechanism is disregarded.
If an original river ﬂow sequence with Ch5 0.4 is considered, both species exhibit a fast recovery dynamics
with comparable timescales: at T ’ 2, one observes vI;2 ’ vII;2 ’ 0:2. If the coefﬁcient of variation of the
water stage is then increased to Ch5 0.5 (dashed lines), the recovery time of the ﬂood-resistant species
changes very little. By contrast, the recovery time of the ﬂood-sensitive species signiﬁcantly increases.
Therefore, a mild increment of the river stage variability changes dramatically the recovery dynamics of a
species. For a long period (T ’ 10), the biomass of the species I is much larger than the biomass of the spe-
cies II. This mechanism, combined with the effect of other interspecies competitions dynamics, can lead to
the dominance of species I to the detriment of species II. A similar qualitative scenario emerges if a change
in the river stage correlation time is considered. The analysis of the recovery times can be a valuable tool to
investigate how the species distribution along the riparian transect is affected by alterations of the probabil-
istic characteristics of river ﬂow time series. In our analysis, we found that even mild alterations can have
signiﬁcant effects on the temporal dynamics of the recovery process.
3.5. Spatial Dynamics of the Vegetation Recovery
Analytical results obtained in the previous sections allow the spatial behavior of the recovery dynamics
along the transect to be investigated. To this aim, let us assume that riparian vegetation has been damaged
by a strong ﬂood event and biomass has been reduced to a low value, v0, at all plots. Without any loss of
generality, we set v05 0.01l, where l is the plot-speciﬁc averaged value of the biomass distribution, p(v).
From this destructive event, the recovery phase begins. In the previous sections, the parameter T ðv0; v1Þ
has been used to obtain the average time necessary to recover a given state v1 starting from v5 v0. We
now consider different values of T and obtain the corresponding values of v1, namely the typical biomass
reached after a time T has passed. T ðv0; v1Þ depends on a number of plot-speciﬁc factors. It follows that
different values of v1 are expected along the transect, for the same given T . This concept is reported in
Figure 7a. The lower thick red line represents the starting biomass v0 along the transect, while the thin lines
describe the biomass distribution for given values of T . Biomass recovery occurs with different time scales
in different plots and, in particular, more rapid recovery is observed away from the river, where plots have a
higher elevation. Note that the curves saturate to v5 v15 l (thick blue curve, the conventional ending
point of the recovery phase, according to the previous sections). For better understanding this point, let us
consider the case ~T515. The recovery from v0 to v5 l(x) is complete at x ’ 0:42 (point A), while at x  0.22
(point B), the recovery is still very weak.
Figure 7a shows that (i) the recovery process is highly heterogeneous in space and (ii) the spatial dynamics
of vegetation recovery resemble a wave that propagates toward the river and progressively saturates to the
local value of v1. This interpretation leads to the deﬁnition of a typical wave celerity. To this aim, consider
the plot closest to the river where the recovery is complete (e.g., point A for T515). This point can be
assumed as the front of the recovery wave, and its position is xrf, where subscript ‘‘rf’’ refers to ‘‘recovery
front.’’ In Figure 7a, the position of the front at T515, 20, and 30 is marked. Accordingly, the displacement
velocity of xrf identiﬁes the celerity of the recovery wave, namely
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crf5
@xrf ð~T Þ
@~T
: (21)
The behavior of crf along the transect is shown in Figure 7b, where its sensitivity to Ch and k is also explored.
The key feature is the progressive and more-than-linear slowing of the recovery front as the river is
approached. As expected, Ch impacts the celerity to a great extent. In particular, crf decreases when the river
stage time series is more ﬂuctuating. Finally, the recovery is delayed for high values of k, that is, the more
ﬂood-tolerant the vegetation, the higher the celerity of the recovery front.
4. Conclusions
In this study, the recovery dynamics of riparian vegetation have been analyzed. To this aim, we have
adopted the ecohydrological stochastic approach by Camporeale and Ridolﬁ [2006], and the plot-dependent
recovery times have been obtained by using the theory developed by Sancho [1985] for the evaluation of
the mean ﬁrst passage time in dynamical systems driven by dichotomous noise.
The main result is that the average recovery time, T , is much longer (up to 1 order of magnitude) than the
recovery time in undisturbed conditions, T^ . The delay in the recovery process is due to the random ﬂuctua-
tions of the river stage that cause alternate phases of vegetation growth and degradation rather than a
monotonic growth of biomass. The maximum impact of river-induced disturbances is close to the stream,
where inundations with the highest duration, magnitude, and frequency occur. Our results show that a long
time is required to obtain a net increment of biomass in plots close to the river and, thus, long periods of
observation are necessary to acquire a realistic picture of the biomass variability. A single observation at a
given time corresponds to very different phases in the recovery of each plot. This can be seen from the
wave-like behavior of the recovery dynamics along the transect.
The sensitivity analysis has revealed that recovery times are heavily inﬂuenced by the hydrological regime
of the river and by the sensitivity of vegetation to ﬂoods. More in details, the autocorrelation timescale of
the river water stage plays a key role in determining how fast the biomass evolves between different
thresholds.
The impact of hydrological regime alterations has been discussed from a viewpoint of recovery dynamics.
Since modiﬁcations of Ch or s have a remarkable inﬂuence on vegetation, it is possible to smooth out—within
limits—the effect of man-induced river ﬂow alterations on the recovery times by a suitable modiﬁcation of
these two parameters. This approach may help to plan river ﬂow management strategies for preserving the
vegetation biodiversity and reducing the anthropic impact in dammed and regulated rivers. On the contrary,
we have demonstrated how also mild unbalanced alterations of the probabilistic structure of the river ﬂows
can induce dramatic effects on recovery times, contributing in biodiversity losses and invasions of exotic
species.
Figure 7. (a) Wave-like dynamics of vegetation recovery along the transect. Thick lines show the biomass behavior at the start of the
recovery process (v05 0.01l, lower red line), and at the end (v15 l, upper blue line). Thin lines report the typical biomass reached at
different times T . (b) Behavior of wavefront celerity, crf, along the transect. Thick line refers to the benchmark condition fCh; s; k; a; doptgB5
f0:5; 0:01; 5; 0:5; 0:5g while thin lines show the sensitivity to some modeling parameters.
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Recent studies elucidated the importance of the river-induced randomness in shaping riparian vegetation
dynamics. In these investigations, the steady state pdf of biomass was used as an interpretative metamathe-
matical tool. In the present work, we have adopted a different perspective by exploring the temporal struc-
ture of plot-dependent biomass time series. Our ﬁndings conﬁrm and underline the crucial role played by
noise, to the point that any action on the ﬂuvial environment (e.g., restoration projects, water diversion, and
river regulation) should consider randomness as a fundamental ingredient to forecast consequences.
Appendix A: Expression of p(v), a, b, kE, and kI
The average rate of vegetation degradation and the mean carrying capacity read, respectively,
a5
kkk21e2kðg11Þðg11Þk
C½k; ðg11Þk 2kg;
b5
k½aðg2doptÞ21ðC½k; ðd211Þk2C½k; ðd111ÞkÞ1akk e2kðd111Þðd111Þk2e2kðd211Þðd211Þk
h i
kðC½k2C½k; ðg11ÞkÞ :
The switching rate of the exposure conditions is equal to
kE5
kke2kðg11Þðg11Þk
sC½k2sC½k; ðg11Þk ;
while the switching rate of the inundated conditions is given by
kI5
e2kðg11Þ
sE12k½ðg11Þk ;
where E12k½ is the exponential integral function [Abramowitz and Stegun, 1964].
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